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s.2012.0Abstract Estimates for second and third Maclaurin coefﬁcients of certain bi-univalent functions in
the open unit disk deﬁned by convolution are determined. Certain special cases are also indicated.
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Let A be the class of functions f which are analytic univalent
functions in the open unit disk D ¼ fz : jzj < 1g with normal-
ized by the conditions f(0) = 0 and f 0(0) = 1 and having form
fðzÞ ¼ zþ a2z2 þ a3z3 þ    ðz 2 DÞ: ð1:1Þ
Familiar subclasses of starlike and convex functions for which
either of the quantity Re {zf 0(z)/f(z)} > 0 or {1 + zf 00(z)/
f 0(z)} > 0. The class consisting these two functions are given
by S and C, respectively. For a constant b 2 (p/2,p/2), a
function f is univalent on D and satisﬁes the condition that
Re {e(ib)zf 0(z)/f(z)} > 0 in D. We denote this class by SP.
The Koebe one-quarter theorem [2] ensures that the image
of D under every univalent function f 2A contains a disk of.Goyal),pranaygoswami83@
tian Mathematical Society.
g by Elsevier
ical Society. Production and hostin
8.020radius 1/4. Thus every univalent function f has an inverse f1
satisfying f1ðfðzÞÞ ¼ z; ðz 2 DÞ and




A function f 2A is said to be bi-univalent inD if both f(z) and
f1(z) are univalent in D. We denote the class of bi-univalent
functions by r. Lewin [4] investigated the class r of bi-univalent
functions and obtained the bound for the second coefﬁcient.
Brannan and Taha [1] considered certain subclasses of bi-uni-
valent functions, similar to the familiar subclasses of univalent
functions consisting of strongly starlike, starlike and convex
functions. They introduced bi-starlike functions and bi-convex
functions and obtained estimates on the initial coefﬁcients. Re-
cently, Srivastava et al. [8] and Frasin and Aouf [3] introduced
and investigated subclasses of bi-univalent functions and ob-
tained bounds for the initial coefﬁcients.
Let f and g be analytic functions in D, we say that f is sub-
ordinate to g, written as fp g, if there exists a Schwarz func-
tion w(z) inD, with w(0) = 0 and jwðzÞj < 1 ðz 2 DÞ; such that
f(z) = g(w(z)). In particular, when g is univalent, then the
above subordination is equivalent to fð0Þ ¼ 0 and fðDÞ
# gðDÞ. For functions f; g 2A given by
g by Elsevier B.V. Open access under CC BY-NC-ND license.








n; z 2 D;
we deﬁne the Hadamard product (or convolution) of f and g
by




n; z 2 D:Deﬁnition 1.1 (cf. [6,7], see also [9]). Let the function f be
analytic in a simple connected region of the z-plane containing
the origin. The fractional derivative or order ‘k’ is deﬁned by
Dkz f







ðz fÞk df ð0 6 k < 1Þ; ð1:2Þ
where multiplicity of (z  f)k is removed by requiring
log(z  f) to be real when (z  f) > 0.
Using Deﬁnition 1.1 and its known extension involving
fractional derivative and fractional integrals, Owa and Sri-
vastava [6] introduced the fractional differ-integral operator
Xkz :A!A deﬁned byXkz f
 ðzÞ ¼ Cð2 kÞzk Dkz f ðzÞ ðk–2; 3; 4; . . . ; z 2 DÞ:
ð1:3Þ
Note that X0z f
 ðzÞ ¼ zf0ðzÞ and X1z f ðzÞ ¼ fðzÞ.
Motivated by the work of Srivastava et al. [8] and Mishra
and Gochhayat [5], we introduce a new subclass of bi univalent
functions SBk;br ðhÞ.
Deﬁnition 1.2. Let
h : D! C;
be a convex univalent function such that
hð0Þ ¼ 1 and hðzÞ ¼ hðzÞ; ðz 2 D; ReðhðzÞÞ > 0Þ:
A function f(z) is said to be in the classSBk;br ðhÞ, if the follow-
ing conditions are satisﬁed:











 hðwÞ cos bþ i sin b; ðw 2 DÞ; ð1:5Þ
where b 2 (p/2,p/2), k „ 2, 3, . . . and g= f1.
Remark 1.1. If we set h(z) = 1 + Az/1 + Bz,  1 6 B< A
6 1, then the class SBk;br ðhÞ reduces to SBk;br ðA;BÞ which is














1þ Bw cos bþ i sinb; ðw 2 DÞ; ð1:7Þwhere b 2 (p/2,p/2) and g= f1 and k „ 2, 3, . . ..
Remark 1.2. Taking k= 0in above class, then we have
SB0rðA;BÞ and if f 2SB0rðA;BÞ
f2 r and eibf 0ðzÞ 1þAz
1þBz cosbþ isinb; ðz2DÞ; ð1:8Þ
and
eibg0ðwÞ  1þ Aw
1þ Bw cos bþ i sin b; ðw 2 DÞ; ð1:9Þ
where b 2 (p/2,p/2) and g= f1.
Now substituting A= 1  2a, 0 6 a< 1, B= 1 and
b= 0, we get known class BrðbÞ which is studied by Srivastva
et al. [8].
Remark 1.3. Taking k= 1 in the class SBk;br ðA;BÞ, we have
SB1;br ðA;BÞ and if f 2SBk;br ðA;BÞ, then
f2 r and eib fðzÞ
z
 1þAz






1þ Bw cosbþ i sinb; ðw 2 DÞ; ð1:11Þ
where b 2 (p/2,p/2) and g= f1.
Remark 1.4. Taking k= 0 in above class SBk;br ðA;BÞ, we
have SB0;br ðA;BÞ and if f 2SB0;br ðA;BÞ, then
f 2 r and Re eibf 0ðzÞ  > a cos b; ðz 2 DÞ; ð1:12Þ
and
Reðeibg0ðwÞÞ > a cos b; ðw 2 DÞ; ð1:13Þ
where b 2 (p/2,p/2) and g= f1.
Remark 1.5. Taking A= 1  2a, B= 1 in above class in
class SB1;br ðA;BÞ, it reduces to SB1;br ðaÞ and if
f 2SB1;br ðaÞ, then
f 2 r and Re eib fðzÞ
z
 






> a cos b ðw 2 DÞ: ð1:15Þ
The object of the paper is to estimates for the coefﬁcients a2
and a3 for functions in the class SB
k;b
r ðhÞ are obtained by
employing the techniques used earlier by Srivastava et al. [8].2. Main result
In order to prove our main result for the functions class
f 2SBkrðbÞ, we ﬁrst recall the following lemma:
Lemma 2.1 (Theorem 3.3, p. 11, 13). Let the function u(z)
given uðzÞ ¼P1n¼1Bnzn be convex in D. Suppose also that the
function h(z) given by





is holomorphic in D. If hðzÞ  uðzÞðz 2 DÞ, then
jhnj 6 jB1j ðn 2 NÞ: ð2:1Þ









ja3j 6 jB1jð2 kÞ
2
 2
þ jB1j cos bð2 kÞð3 kÞ
12
; ð2:3Þ
where b 2 (p/2,p/2) and k „ 2, 3, . . .











¼ qðwÞ cos bþ i sin b; ðw 2 DÞ; ð2:5Þ
where p(z)p h(z) and q(w)p h(w) and have following forms:
pðzÞ ¼ 1þ p1zþ p2z2 þ p3z3 þ    z 2 D; ð2:6Þ
and
qðwÞ ¼ 1þ q1wþ q2w2 þ q3w3 þ    w 2 D: ð2:7Þ





a2 ¼ p1; ð2:8Þ
eib
6








ð2 kÞð3 kÞ 2a
2
2  a3
  ¼ q2: ð2:11Þ
From (2.8) and (2.10), we get






a22 ¼ p21 þ q21
 
cos2 b: ð2:13Þ




ðp2 þ q2Þeib cos b: ð2:14Þ
Again from (2.9) and (2.11)
a3  a22 ¼
ð2 kÞð3 kÞ
12
ðp2  q2Þeib cos b: ð2:15ÞSubstituting value of a22 from (2.13) in (2.14), we get
a3 ¼ ð2 kÞð3 kÞ
12






e2ib cos2 b: ð2:16Þ












 6 jB1j ðk 2 NÞ: ð2:18Þ
Using above Eq. (2.12) and using (2.17) and (2.18), we have
ja2j2 6 ð2 kÞð3 kÞ
12
ðjq2j þ jp2jÞ cos b
6 jB1j cos bð2 kÞð3 kÞ
6
; ð2:19Þ
which gives (2.2). Now using (2.13) and (2.15) and from (2.17)
and (2.18), we can easily get (2.3). This is the end of the
Theorem 2.2. h
By setting, hðzÞ ¼ 1þAz
1þBz ; 1 6 B < A 6 1 in Theorem 2.2,
we get the following corollary:
Corollary 2.3. Let f 2A be in the class SBk;br ðA;BÞ. Then
ja2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





ja3j 6 ð2 kÞ
2ðA BÞ2 cos2 b
4
þ ð2 kÞð3 kÞðA BÞ cos b
6
; ð2:21Þ
where b 2 (p/2,p/2) and k „ 2, 3, . . . Again putting,
hðzÞ ¼ 1þð12aÞz
1z ; 0 6 a < 1 in Theorem 2.2, we have
Corollary 2.4. Let f 2A be in the class SBk;br ðaÞ. Then
ja2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





ja3j 6 ð2 kÞ2ð1 aÞ2 cos2 b
þ ð2 kÞð3 kÞð1 aÞ cos b
3
; ð2:23Þ
where b 2 (p/2,p/2) and k „ 2, 3, . . .
If we take k= 0 in Corollary 2.3, it gives
Corollary 2.5. Let f 2A be in the class SB0;br ðA;BÞ. Then
ja2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




182 S.P. Goyal, P. Goswamija3j 6 ðA BÞ2 cos2 bþ ðA BÞ cosb; ð2:25Þ
where b 2 (p/2,p/2).
If we take k= 1 in Corollary 2.3, we obtain








ja3j 6 ðA BÞ
2
4
cos2 bþ ðA BÞ cos b
3
; ð2:27Þ
where b 2 (p/2,p/2).
Upon putting A= 1  2a, 0 6 a< 1 and B= 1, above
Corollaries 2.4 and 2.5, we get following results
Corollary 2.7. Let f 2A be in the class SB0;br ðaÞ. Then
ja2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




ja3j 6 4ð1 aÞ2 cos2 bþ 2ð1 aÞ cos b; ð2:29Þ
where b 2 (p/2,p/2).
Put k= 1 in Corollary 2.3, we obtain
Corollary 2.8. Let f 2A be in the class SB1;br ðaÞ. Then
ja2j 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





ja3j 6 ð1 aÞ2 cos2 bþ 2ð1 aÞ cos b
3
; ð2:31Þ
where b 2 (p/2,p/2).Remark 2.1. On taking b= 0 in Corollary 2.8, we obtain a
known result due to Srivastava et al. [8].Acknowledgments
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